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Abstract 
Bessel Curve also known as Bezier Curve, through which the general vector graphics software accurately draws 
curves, as the Bezier curve is relatively easy to calculate and its stable characteristic, in many areas it has been widely 
applied. However, for the deficiency of less efficiency exists in the common Bezier Curve Generation Algorithm, the 
selection of the parameter step-length significantly affects the accuracy and efficiency of the generated curve. This 
paper aims at the efficiency available in the existing Bezier Curve Generation Algorithm to propose the Variable 
Step-length Algorithm; by changing the parameter step-length of the curve generation algorithm, it can significantly 
reduce the calculations of a large number of duplicate points in the point-by-point generation algorithm; the algorithm 
not only maintains a higher accuracy, but also significantly improves the efficiency generated in the curve, with better 
application.
© 2011 Published by Elsevier Ltd. Selection and/or peer-review under responsibility of [name organizer] 
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1.  Introduction   
Bessel Curve also known as Bezier Curve, through which the general vector graphics software 
accurately draws curves, consists of line segments and nodes; the node is a draggable fulcrum, the line 
segment like a scalable rubber band; the seen pen tool in the drawing tools is used to draw such vector 
curves. Certainly there are also Bezier Curve tools in some comparative mature bitmap software, like 
PhotoShop and so on. In Flash4, there is still no complete curve tool, which has been provided in the 
Flash5. Bezier Curve is a mathematical curve used in two-dimensional graphics application programs. 
There are four points in the definition of the curve: the starting point, the ending point  (also known as the 
anchor point), and two separate intermediate points. Slide the two intermediate points, the shape of the 
Bezier Curve will change. In the late sixties of the twentieth century, Pierre Bézier has applied 
mathematical methods to depict the Bezier Curve for the Renault's automobile industry. The Bezier Curve 
in accordance with coordinates of any point in four positions draws out a smooth curve. Historically, 
people who studied the Bezier Curve have designed such vector curve drawing method initially in 
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accordance with the idea that determines the four points with the known curve parameter equation. The 
interesting point of the Bezier Curve lies more in its "Rubber Band Effect" ~ that is, with the regular move 
of points, the curve will generate changes like stretches of rubber bands, bringing the visual impact. In 
1962, the French mathematician Pierre Bézier firstly studied the method to draw such vector curves, and 
proposed a detailed formula, therefore the drawn curve according to this formula used his last name to 
name ~ that is Bezier Curve.    
Since most time used to draw with a computer is to operate a mouse to control the path of line 
segments, which is very different from the hand-painted feeling and the effect. Even a shrewd painter can 
easily draw a variety of graphics, getting the mouse to draw willfully is not an easy matter. This is the 
manual work that would never be replaced by computers, thus so far people can only be quite helpless. 
Using the Bezier tool to draw to a great extent has made up for that deficiency.
Bezier Curve is a basic computer graphics modeling tool, and is one of the basic lines that is most 
frequently applied in the graphical modeling. It creates and edits graphics through controlling four points in 
the curve (the starting point, the ending point and two separate intermediate points), in which the 
controlling line in the center of the curve plays an important role. The intermediate part of this virtual line 
crosses the Bezier Curve, and its both ends are the controlling endpoints. When move endpoints at both 
ends, the Bezier Curve changes the curvature (the degree of bending); when move the intermediate point 
(that is, move the virtual control line), the Bezier Curve moves evenly in the situation of locking the 
starting and ending points. Note that all the controlling points and nodes in the Bezier curve can be edited. 
Such "intelligent" vector line provides artists with an ideal tool used for editing and creating graphics. 
This method can easily control the input parameters (the controlling points) to change the shape of the 
curve, while the mathematical principle uses the Bernstein polynomial. The Bezier Curve is a curve 
described by using the spline approximation method, whose many properties make it more useful in the 
configuration design and easier to implement. Therefore, the Bezier spline has been widely used in many 
graphics systems and CAD systems. 
For the drawing of the Bezier Curve, now it frequently uses the algorithm based on the geometry, each 
time adding a step-length into a variable and calculating the values of other variables to calculate the points 
in the curve, then connecting these points with small straight line segments to generate the curve; the 
algorithm requires floating-point operations, and the drawn curve cannot be detailed, with poor smoothness 
and large amount of computation; the other commonly used algorithm is the pixel-based algorithm, 
calculating the pixel of the curve graph point by point with the integer arithmetic, and reducing the amount 
of computation, able to maintain the smoothness of the curve, but as the free curve is uncertain, i.e. the 
trend of each section in the curve is irregular, if it needs to draw the freedom curve, it requires to depend 
more on computers to automatically determine the direction, and the algorithm is complex. 
2. Analyze the Bezier Curve Generation Algorithm 
2.1 Bezier Curve Generation Principle 
The shape of the Bezier Curve is defined through all vertices of P0, P1, ..., and Pm of a set of 
multilateral line (controlling the polygon). Among all vertices of a multilateral line, only the first point P0 
and the last point Pm are on the curve, while the rest points are used to define the order of the curve. 
The mathematical basis of the Bezier Curve is the Polynomial Mixed Function (Harmonic Function) 
conducting the interpolation between the first and the last endpoints, which can be expressed with the 
parametric equation as follows:  
This is a n-squared polynomial, with n +1 items. In which, pi (i=0, 1…n) presents the vector that 
symbolizes the position of the (n +1)th vertex of the polygon. 
p (t) = 
0
n
i 
¦ pi Bi, n (t)      (0 t 1) 
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Bi, n (t) is the Bernstein Polynomial, called as the basis function, which is the harmonic function 
presenting vectors of positions at each point of the curve, expressed as: 
Bi, n (t) =  
!
! !
n
i n i
ti (1-t) n-i
In which i denotes the ith vertex, and n denotes the n-squared, t as a parameter. 
If given n +1 controlling points: 
Pk= (xk, yk, zk), k = 0, 1, 2 … n, 
the approximating n-square Bezier Curve of the characteristic polygon composed of these controlling 
points can be expressed as: 
P (u) = 
0
n
k 
¦  PkBEZk,n (u) 0 u 1    ˄1˅
In which Pk is the vector of the controlling point; BEZk,n (u) is the Bezier Mixed Function, using the 
Bernstein Polynomial to define, i.e.: 
BEZk,n (u) = C (n, k) u
 k (1-u)n-k ˄2˅
In which,  
C (n, k) = 
 
!
! !
n
k n k
                       ˄3˅
x (u) =
0
n
k 
¦ xk BEZ k,n (u)                    ˄4˅
y (u) =
0
n
k 
¦ yk BEZ k,n (u)                    ˄5˅
z (u) =
0
n
k 
¦ zk BEZ k,n (u)                    ˄6˅
2.2 The Bezier Curve Characteristic Analysis 
According to the nature of the Bernstein Polynomial Bernstein Basis Function, it can deduce the nature 
of the Bezier Curve.   
1) The curve through the starting point and the ending point can prove the starting point and the 
ending point are on the curve,  
providing 0i=
­
®
¯
0   iz 0
                           1    iz 0
And: 0ʽis 1. 
The developed curve is: (when n =0, 1, 2, 3˅
p (t) = 
0
n
i 
¦ pi Bi, n (t)      (0 t 1)      
     = p0B0, n (t) + p1B1, n (t)+ p2B2, n (t)+ p3B3, n (t)   
When t=0,˄the starting point of the parameter˅; when i=0,˄the 1st vertex˅,
The curve p(0) = 
!
1 !
n
n<
00 (1-0) ngP0= P0
˄Ĩti =00=1,ħThe 1st item is P0,Ĩ0i=0ˈħ the rest 3 items are 0˅
Is the starting point P0
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When t=1,˄the ending point of the parameter˅; when i=nˈ˄the last vertex˅,
The curve p(1) = 
!
!1
n
n <
1n (1-1) 0gPn= Pn
Is the ending point Pn
It can be seen that the curve passes the starting point and the ending point of the multilateral line. 
2) The direction of tangent vectors of the starting point and the ending point 
Through solving the derivative of the basic function, it can prove the tangent vector of the vector 
endpoint (the starting point and the ending point) is consistent with that of the 1st and the nth (the last) 
edge (the same trend).  
The derivative of the basis function: 
B’i, n (t) =  
!
! !
n
i n i
[ti (1–t) n-i]’ 
             =
 
!
! !
n
i n i
[igti-1 (1–t) n-i–(n–i) ti (1–t) n-i-1]
             =n [
( 1)!
( 1)!( )!
n
i n i

 
ti-1 (1-t) n-i –
( 1)!
!( 1)!
n
i n i

 
 ti (1–t) n-i-1]
             = n [Bi–1, n–1 (t) – Bi, n–1(t)]
The derivative of the Bezier Curve 
P’ (t) =n 
1
0
n
i

 
¦ pi [Bi–1, n–1 (t) – Bi, n–1(t)]
Ĩin ¦ , except the first item and the last item, other items are all 0. 
ħ in the starting point  t=0, i=0  P˃(0)= n (P1-P0)      
     in the ending point  t=1, i=n  P˃(1)= n (Pn-Pn-1)
It can be seen that 
the tangent vector P˃(0) of the starting point is consistent with that of the 1st edge (P1-P0) of the 
characteristic polygon. 
the tangent vector P˃(1) of the ending point is consistent with that of the (n-1)th edge (the last edge) (Pn-
Pn-1) of the characteristic polygon. 
3) The Characteristic of Convex Hull 
The Bezier Curve p(t) is located within the convex hull of its controlling point ^ `ip
n
oi  . The convex 
hull of the so-called ^ `ip
n
oi  refers to the minimum convex set containing these points. The cubic B-spline 
curve also possesses the convexity-preserving property, that is, if the characteristic polygon is a convex 
polygon, the B-spline curve is also convex instead of appearing the turning point and the singular point. 
4) Curvature 
P’’ (t) =n 
2
0
n
i

 
¦ (pi+2–2 pi+1+ pi) Bi, n–2 (t)
Ĩ when t=0, 
p’’ (0)= n (n-1)(p2–2 p1+p0)   
when t=1, 
p’’ (1) = n (n-1)(p n–2 p n=1+pn-2)
It can be seen that the rth derivative at the endpoint of the Bezier Curve only relates to the (r +1)th 
adjacent point, nothing to do with the further points. For example: the second derivative only relates to 
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three adjacent points, P’’(0) and P0, P1, P2; while P’’˄1˅and Pn-2, Pn-1,Pn or it may say that only these 
points contribute to the curvature. 
3. Bezier Curve Variable Step-Length Algorithm 
3.1 Problems Existing in the Bezier Curve Generation Algorithm 
Points and lines are the most basic and common elements for depicting graphics; many complex 
graphics are all composed of points and line segments. In mathematics, a point is an abstract position of 
coordinates, no size or area. A mathematically defined line is composed of numerous points, only with 
length but without width. In raster graphics, a point is expressed in pixel with a certain size and area; while 
a straight line segment is converted by scanning, it is determined as the best approximation pixel sequence 
of the line segment in arrays composed of limited pixels. 
The maximum number of points that can be displayed on the screen of a computer monitor is the pixel, 
determined by different display modes of  display cards, therefore, when enter the graphical display way, 
firstly it needs establishing a coordinate system on the screen of the monitor, and the horizontal and 
vertical coordinates both are taken as integers. When values of x and y coordinates are not integers 
calculated by the equation, it shall take integers through rounding for the coordinate values. 
The point-by-point generation algorithm of the Bezier Curve and the effectiveness and rapidity showed 
in the curve are in direct relationships with the selection of the step-length of the parameter u. In the Bezier 
curve generation algorithm with the equal step-lengths, step-lengths are determined based on the line 
segment with the largest curvature in the curve. If the whole curve takes this step-length as the unified step-
length, the step-length is reasonable for the line segment with larger curvature, while for the line segment 
with little change of curvature (some places may be close to the straight line segment), it will cause 
unnecessary segmentation, thus leading to the increase in the number of segmentations. 
When the selected step-length u is larger, the smoothness and accuracy of the curve are relatively poor; 
when the selected step-length u is a smaller number, the curve will be relatively smooth, but it will also 
occur a large number of points; when display, it will be repeated due to rounding, making the generated 
efficiency of the curve greatly reduce. 
When the selected step-length u is larger, the drawn point of the curve is also relatively few, basically 
no ineffective point, but effective points are similarly few; such curves often exist defects that are rougher 
and unrealistic. When the selected step-length u is a smaller number, the curve will tend towards stability, 
and no long increase effective points with the decrease of u, therefore, at the same time effective points are 
tending towards stable values, it also occur the rapidly growing phenomenon in effective points repeatedly 
calculated.
3.2 The Proposition of the Variable Step-length Curve Generation Algorithm   
In 1968, Denning.P had pointed out: when the program is implemented, it will appear the locality 
regularity, that is within a short period of time, the implementation of the program is only limited to a 
certain part; accordingly, the memory space it accessed is also limited to a certain area. 
 The locality principle mainly demonstrates in the two aspects of time and space limitations. Time 
limitations mean that, if a directive in the program once has been implemented, it would soon be re-
implemented; if the data has been accessed, it would still soon be accessed again. While space limitations 
mean that, the addresses accessed within a period of time by the running program may focus within a 
certain range. 
Then, according to the locality principle, such problems will be also existed in the Bezier Curve 
Generation Algorithm. In the process of the curve generation, due to different selections of the step-length 
of the parameter, there will be a large number of calculations for repeated points, resulting in low 
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efficiency in the curve generation, if the step-length can be moderately varied, it can improve the speed of 
the curve generation. 
3.3 The Ideology of the Variable Step-length Curve Generation Algorithm  
The locality principle is the premise of virtual memory technology, which brings enlightenments to the 
drawing of the Bezier Curve. When the Bezier Curve is drawn, if the selected step-length u is smaller, 
often the smoothness and approximation of the curve is better, but meanwhile the defect that there are more 
points repeatedly calculated is also occurred. Through the analysis of multiple test samples, it has found 
that a certain regularity is existed in the times of repetitions; when the step-length is selected to be 0.0001, 
10,000 points will be calculated, but only 361 effective points, while the repeated points up to 9676; among 
these repeated points, the average repetition each time reaches 31, and the higher repetition can be up to 63 
times, therefore, the intensiveness of repetitions adds the feasibility for the drawing ideology of the 
variable step-length. 
The proposed ideology of the variable step-length is about calculations of the coordinates of each 
point, if the rounded point is the same as the previous point, the step-length u is no longer grown in fixed 
step, but grown in variable jumping steps. The thought of this paper through many times of experiments 
has been verified the feasibility of improving the algorithm; at the same time of ensuring the algorithm to 
possess higher accuracy, it reduces the times of calculations for ineffective points to improve the efficiency 
of the curve generation.  
4. Conclusion 
Aiming at defects existed in the Angle-cut Polygon Algorithm and the Equal Step-length Algorithm 
and other Bezier Curve Generation Algorithms, the Variable Step-length Algorithm proposed in this paper 
not only maintains better accuracy, but also effectively reduces a large number of calculations for repeated 
points in the point-by-point generation algorithm. 
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